Abstract. The submanifold Dirac operator has been studied for this decade, which is closely related to Frenet-Serret and generalized Weierstrass relations. In this article, we will give a submanifold Dirac operator defined over a surface immersed in E 4 with U(1)-gauge field as torsion in the sense of the Frenet-Serret relation , which also has data of immersion of the surface in E 4 .
Introduction
The submanifold quantum mechanics was opened by Jensen and Koppe and de Casta [JK, dC] . The submanifold Dirac equation were studied in [MT, BJ, M1, M2, M3, M4, M5, M8, MT] . Recently, this author gave an algebraic construction of the submanifold quantum mechanics, since the submanifold quantum mechanics exhibits nature of submanifold [M7] .
On the other hand, for a space curve in three dimensional euclidean space E 3 , Takagi and Tanazawa found a submanifold Schrödinger operator with a gauge field [TT] ,
(1)
whereas the original one in [dC, JK] is given by
where k is a curvature of the curve. The existence of the gauge field a is due to the fact that the codimension is two.
In this article, we will generalize the Takagi-Tanzawa Schrödinger operator (1) to the submanifold Dirac operator over a surface in E 4 using the algebraic construction.
After giving a geometrical setting of our system in §2, and explaining our conventions of the system of the Dirac equations in §3, we will define the submanifold Dirac equation following the algebraic construction in §4. Since the submanifold Dirac equation is closely related to the 1 generalized Weierstrass relation in [Ko, M5, PP] , we will show a related theorem in Theorem 4.1. Further in §5, we give the submanifold Dirac operator with a gauge field associated with the torsion in the sense of the Frenet-Serret relation and Theorem 5.1 which is connected with the generalized Weierstrass relation.
Geometrical Preliminary
In this section, we will give a geometrical preliminary. Though it is not difficult to extend our theory more general, we will concentrate our attention on a case of a smooth surface S embedded in four dimensional euclidean space E 4 . For simplicity, assume that S is simply connected and closure of i(S) is a compact region in E 4 for i : S ֒→ E 4 . Further we will identify i(S) with S hereafter. Let S be locally expressed by real parameters (s 1 , s 2 ). Let a tubular neighborhood of S be denoted by T S , π T S : T S → S. An orthogonal parameter q := (q 3 , q 4 ) is a normal coordinate of T S whose absolute value (q 1 ) 2 + (q 2 ) 2 is the distance from the surface S, i.e., qα belongs to kernel of π T S and dqα(∂ s α ) = 0, (α = 1, 2,α = 3, 4):
. Hereafter we will assume that the indices "α, β, · · · " are for (s 1 , s 2 ), "α,β, · · · " for (q 3 , q 4 ), "µ, ν, · · · " for u = (s, q) and "i, j, · · · " for the Cartesian coordinate x := (x 1 , x 2 , x 3 , x 4 ). For a point of T S expressed by the Cartesian coordinate x in E 4 can be uniquely written by
where e 3 and e 4 are the normal unit vectors at S which satisfy
In general, the more general normal unit vectorsẽα obey a relation, 
where g Sαβ := δ ij e i α e j β . The determinant of the metric is expressed as
For the above geometrical setting, we will consider a Dirac equation over T S as an equation over a Hilbert space H = (Ξ * × Ξ, <, >, ϕ). Here 1) Ξ * and Ξ are sets of smooth compact support spinor fields
3) ϕ is an isomorphism from Ξ to Ξ * . Further in this article, we will express the Hilbert space using the triplet with the inner product (•, ×) :=< ϕ•, × > and assume that the equal "=" means a correspondence after taking a completion with respect to the inner product. Here in (7), we have implicitly used another paring given by the pointwise product at pt ∈ T S , i.e.,Ψ 1 Ψ 2 | pt ∈ C, which also gives us a Hilbert space H pt = (Ξ * × Ξ| pt , ·, ϕ pt ). C denotes the complex number. Here ϕ pt is the hermite conjugate operation.
Since the gamma-matrix depends upon the orthonormal system {e}, we will sometimes denote it by γ {e} (a i e i ) := a i γ {e} (e i ). In the same way, we use a representation of the spinor fields using the orthonormal system {e} as Ψ {e} . Using the Pauli matrices,
we will use the convention,
However for abbreviation, let γ i := γ {dx} (dx i ). Let the set of local sections of the Clifford ring valued bundle over T S generated by γ i be denoted by CLIFF T S .
Here using the Dirac operator D {dx},x := γ i ∂ i , the Dirac equation is given by
Immediately we have a proposition for the solution space of the Dirac equation.
Proposition 3.1. Let us define a set of constant spinor fields in E 4 :
(1) They hold a relation,
We call this relation orthonormal relation in this article. (2) The solutions of Dirac equation (8) are expressed by
Due to properties of the gamma-matrices, δ ijΨ1 γ i Ψ 2 dx j is a one-form over T S . Direct computations lead us the following Proposition which gives the properties of spinor fields.
Proposition 3.2. Let us define a set of constant spinor fields in E
4 :
is given by the hermite conjugate of each Ψ (k) . They hold a relation,
We call this relation SO(4)-representation in this article. and their partners in the sense.
Next let us give expressions of these players of the Dirac system in terms of the coordinate system u in T S . An orthonormal bases of T * E 4 will be denoted as dξ = (dζ 1 , dζ 2 , dq 3 , dq 4 ). Then the expressions are given by the transformations,
The pairing (7) is expressed by
and the Dirac equation (8) is expressed by
Using Proposition 3.1, we have the following Corollary:
{dξ} := Ψ [a] e Ω at U ⊂ T S , the orthonormal relation holds
Inversely for given such orthonormal bases Ψ [b] {dξ} and ϕ(Ψ [b] {dξ} ), the relation,
for a = 1, 2, 3, 4, completely characterizes the spin matrix e −Ω .
Proposition 3.2 gives the following Corollary:
In this section, we will define the submanifold Dirac operator over S in E 4 and investigate its properties. In the papers in [M1, M2, M3, M4, M5, MT] , we add a mass type potential in (10), which confines a particle in the tubular neighborhood T S ; the mass potential makes the support of the spinor fields in T S . After taking a squeezing limit of the mass potential, we decompose the normal and the tangential modes, suppress the normal mode, and obtain the submanifold Dirac equation as an effective equation for low energy states. Instead of the scheme, we will choose another construction and give a novel definition of the Dirac operator as in Definition 4.1.
Let us consider such a Dirac particle algebraically. Confinement of the particle into a surface requires that the momentum and position of the particle vanish. In order to realize the vanishing momentum, we wish to consider kernel of ∂α. However pα := √ −1∂α is not self-adjoint in general due to the existences ρ in (9).
For an operator P over Ξ, let Ad(P ) be defined by the relation,
If pα is not self-adjoint, the kernel of pα is not isomorphic to the kernel of Ad(pα). Thus the vanishing space of pα cannot become a Hilbert space and ϕ pt or ϕ −1 pt is not welldefined. It means that SO(4)-representation, which should be regarded as a fundamental properties of the spinors, will neither be well-defined.
Accordingly we deform the Hilbert space so that pα's become selfadjoint operators. As we will show later, there exist a Hilbert space H ′ ≡ (Ξ * ×Ξ, <, > sa ,φ) and self-adjointization: η sa : H → H ′ satisfying the following properties.
(1) There exists an isomorphism η sa : Ξ * × Ξ →Ξ * ×Ξ as a vector space.
(2) We set < •, × > sa :=< η Of course, the self-adjointization is not a unitary operation and due to the operation, the inner product changes from < ϕ•, × > to < ϕ•, × > sa .
Using the fact that the self-adjointness depends upon the measure in the pairing (9), the self-adjointization η sa is realized as follows:
Here ρ does not vanish in T S , η sa gives an isomorphism. For (Ψ 1 , Ψ 2 ) ∈ Ξ * ×Ξ, the pairing is deformed by
Noting ρ = 1 at a point in S, Corollaries 3.1 and 3.2 lead the following lemma.
Lemma 4.1.
(1) η sa (Ψ) = Ψ and η sa (Ψ) = Ψ at S. The orthonormal relation holds:
Since in measure in (12), qα-dependence disappears, pα := √ −1∂α becomes self-adjoint in H ′ , i.e., pα = p * α . We have the following proposition.
Proposition 4.1. By letting p q := (p 3 , p 4 ), the projection,
induces the projection in the Hilbert space [A] , i.e., ̟ pq := π pq |Ξ,
Remark 4.1. 2 Precisely, it should beφ| Ker(pq) but we will simply write it such a way. Similarly we do forφ pt | Ker(pq) .
(3) At point in S, we can find (Φ
because 1) we can easily find such an element in H ′ and 2) extend its domain to vicinity of S so that its value preserves for the normal direction, , i.e., ∂αΦ (i) = 0 and
Since we kill a normal translation freedom in H pq , we can choose a position like an ordinary symmetry breaking. Thus we will give our definition of the submanifold Dirac operator. 
We call it submanifold Dirac operator.
Here we will connect the gamma matrices of E 4 at S with the proper gamma matrices over S. We will fix the orthonormal base {dζ} ≡ (dζ α ) associated with the local coordinate (ds α ) and the gamma-matrix γ S,{dζ} (dζ α ). For abbreviation,σ α := γ S,{dζ} (dζ α ) and σ α := γ S,{dζ} (ds α ). We have an inclusion as vector space for generators,
) and so on. This does not become the homomorphism between the Clifford rings whereas the natural ring homeomorphism is given by
Here CLIFF S is the set of local sections of the Clifford ring valued bundle over S generated byσ α . However the inclusion ι g generates the homomorphism of the spin groups because ι g (σ ασβ ) = ι r (σ ασβ ). A spin matrix, an element of the spin group, is given by exp(Ω| S ) = exp(a αβσ ασβ ) or exp(Ω) = exp(a αβ γ α γ β ). Using these facts, we will give explicit form of the submanifold Dirac operator, which was obtained in [M5] using a mass potential.
Proposition 4.2. The submanifold Dirac operator can be expressed by
where ∇ α is the proper spin connection over S and γα := γ {dξ} (dqα).
Proof. First we note that η sa ( D {dξ},u ) has a decomposition,
where D and γα become generator of the CLIFF T S at sufficiently vicinity of S. The geometrically independency due to (4) and direct computations give above the result. 
At the point, there exists a spin matrix e Ω satisfying ψ
(a = 1, 2, 3, 4). We define ψ (i) := e −Ω Ψ (i) and ψ (i) := Ψ (i) e −Ω (i = 1, 2, 3, 4) at the point. Then the following relation holds:
(not summed over i).
Remark 4.3.
(1) As our theory is a local theory, this theorem can be extended to any surfaces immersed in E 4 .
(2) If the surface is conformal, this theorem means the generalized Weierstrass relation in E 4 given by Konopelchenko [Ko] and Pedit and Pinkall [PP] as mentioned in [M5] . (3) This can be easily generalized to a k submanifold S k immersed in the n-euclidean space E n . In the above statements, the index "a = 1, · · · , 4"should be replaced to "a = 1, 2, · · · , 2
[n/2] ", "i"to "i = 1, · · · , n", "α = 1, · · · , k", and "α = k + 1, · · · , n" [M7] .
Proof. Since D S֒→E 4 is the four rank first order differential operator and has no singularity due to the construction, the solution space is given by four dimensional vector space at each point of S. Since D S֒→E 4 is defined over Ker(p q ). Let D ⊥ := γα∂α at S. ¿From the construction, we have
Hence 
Here γ α := g Sα,β γ β . We call this operator gauged submanifold Dirac operator . This is a generalization of the Takagi-Tanzawa Schrödinger operator in [TT] .
Let us show our main theorem in this article: 
Proof. Let e −Ω = e −Ω e −σ 34 . Due to the proof of theorem 4.1, we can prove it.
Remark 5.1.
( [M4, M6] . The gauged submanifold Dirac operator might also be connected with the extrinsic string.
